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Abstract—Pilot contamination has been regarded as a main
limiting factor of time division duplexing (TDD) massive multipleinput-multiple-output (Massive MIMO) systems, as it will make
the signal-to-interference-plus-noise ratio (SINR) saturated. However, how pilot contamination will limit the user capacity of downlink Massive MIMO, i.e., the maximum number of users whose
SINR targets can be achieved, has not been addressed. This paper
provides an explicit expression of the Massive MIMO user capacity in the pilot-contaminated regime where the number of users
is larger than the pilot sequence length. This capacity expression
characterizes a region within which a set of SINR requirements
can be jointly satisfied. The size of this region is fundamentally
limited by the pilot sequence length. Furthermore, the scheme for
achieving the user capacity, i.e., the uplink pilot training sequences
and downlink power allocation, has been identified. Specifically,
the generalized Welch bound equality sequences are exploited
and it is shown that the power allocated to each user should
be proportional to its SINR target. With this capacity-achieving
scheme, the SINR requirement of each user can be satisfied and
energy-efficient transmission is achieved in the large-antenna-size
(LAS) regime. The comparison with two non-capacity-achieving
schemes highlights the superiority of our proposed scheme in
terms of achieving higher user capacity. Furthermore, for the
practical scenario with a finite number of antennas, the actual
antenna size required to achieve a significant percentage of the
asymptotic performance has been analytically quantified.
Index Terms—Massive multiple-input-multiple-output (Massive
MIMO), user capacity, pilot contamination, pilot-aided channel
estimation, power allocation.

I. I NTRODUCTION

M

ASSIVE MIMO is regarded as an efficient and scalable
approach for multicell multiuser MIMO implementation, and it can significantly improve both the spectrum efficiency and energy efficiency [1]–[3]. By equipping each base
station (BS) with an antenna array whose size is greatly larger
than the number of active user equipments (UEs), the asymptotic orthogonality among MIMO channels to different UEs is
achieved and in turn it makes intra- and inter-cell interference
more manageable. Hence, using simple linear precoder and
detector can approach the optimal dirty-paper coding capacity
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[4]. Channel side information (CSI) at BSs plays an important
role in the exploitation of channel orthogonality. In practice,
TDD operation is assumed for CSI acquisition through uplink
training. The advantage of uplink training is that the required
length of pilot training sequences is proportional to the number
of active UEs rather than that of BS antennas. The training
length is fundamentally limited by the channel coherence time,
which can be short due to UEs of high mobility. It has been
shown, nevertheless, in [5] that the effect of using short training
sequences diminishes in the LAS regime. Specifically, among
the poorly estimated channels, the asymptotic orthogonality can
still hold.
However, a major problem with TDD Massive MIMO is that
inevitably the same pilot sequences will be reused in multiple
cells. The channels to UEs in different cells who share the
same pilot sequence will be collectively learned by BSs. In
other words, the desired channel learned by a BS is contaminated by undesired channels. Once this contaminated CSI is
utilized for transmitting or receiving signals, intercell interference occurs immediately which limits the achievable SINR.
This phenomenon, known as pilot contamination, can not be
circumvented simply by increasing the BS antenna size [6], [7].
Several attempts have been made to tackle the problem of
pilot contamination. In [8], a sophisticated precoding method
is proposed to minimize intercell interference due to pilot contamination. A more direct approach for pilot decontamination,
harnessing second-order channel statistics, can be found in [9].
A recent study [10] claims that pilot contamination is due to inappropriate linear channel estimation. Hence, by using the blind
subspace-based estimation, unpolluted CSI is obtainable. In the
context of Massive-MIMO-aided OFDM, pilot contamination
can be eliminated by a novel combination of downlink training
and scheduled uplink training [11]. However, this method, suffering from similar drawbacks as the blind estimation, requires
a substantial training period.
The effect of pilot contamination is usually quantified as
SINR saturation due to intercell interference. A number of
studies have examined this saturation phenomenon and the
corresponding uplink or downlink throughput [6], [12], [13].
The former two provide analysis in the LAS regime with a fixed
number of active UEs, while in [13], it analyzes asymptotic
SINRs with a fixed ratio of the BS antenna size to the activeUE number. All these studies lead to a similar conclusion that
the SINR will saturate with an increasing antenna size, making
system throughput limited. In [14], several possible definitions
of SINR are provided and discussed.
So far, however, there has been little discussion about the
user capacity of TDD Massive MIMO, which is the maximum
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number of UEs whose SINR requirements can be met for a
given pilot sequence length. This terminology “user capacity,”
originally coined for analyzing CDMA systems [15], is employed here for investigating Massive MIMO from a new angle.
In this paper, we confine our discussion to the user capacity
of single-cell downlink TDD Massive MIMO, where pilot
contamination will occur once the number of UEs is greater
than the pilot sequence length. Meanwhile, we consider a more
general set of pilot sequences whose cross-correlations can
range from −1 to 1. In contrast, in most existing studies of
Massive MIMO, the cross-correlations are restricted to be 1
or 0. Our discussion will show that the user capacity can be
characterized by a specific region within which there exists a
capacity-achieving pilot sequence and power allocation scheme
such that the SINR requirements are satisfied and the user data
can be energy-efficiently transmitted. This result is significant
in the sense that within the specified region we have no worries
about pilot contamination by using the proposed allocation
scheme. Meanwhile, the derivation of this result only involves
a simple least-squares (LS) channel estimator and maximum
ratio transmission (MRT) precoding. It means that this region
exists without relying on advanced estimation or precoding
methods. Though this region is identified under the single-cell
assumption, it sheds light on the possible existence of a similar
region in the general multicell scenario.

A. Prior Works
The idea of using user capacity as a metric to characterize
the system performance has been explored in [15], [16]. In
[15], the discussion of uplink/downlink user capacity is confined to CDMA systems, in which the role of the signature
sequences is analogous to that of pilot sequences in TDD
Massive MIMO. When the signature/pilot sequence length is
less than the number of served UEs, it is described as overloading in CDMA while as pilot contamination in Massive
MIMO [17]–[19]. However, more emphasis is placed on the
single-cell scenario for over-loaded CDMA, while the multicell
scenario is stressed for pilot-contaminated Massive MIMO. The
recent study of user capacity in multicell CDMA has shifted
its focus to the effects of hard-handoffs instead of over-loaded
channels [20]. On the other hand, the previous investigation
of downlink user capacity of multiuser MIMO in [16] is conducted without considering the effects of pilot contamination.
In addition, the capacity depicted in the same work assumes
an infinite number of UEs. With perfect CSI at the BS, uplink/downlink user capacity of multiuser MIMO with identical
SINR constraints is presented in [21]. Basically, the maximum
number of admissible UEs increases with the BS antenna size
in the downlink, while it is governed by the pilot sequence
length in the uplink. Moreover, the optimal number of UEs
for maximizing the ergodic sum throughput can be identified.
Briefly, the foregoing studies of the user capacity of multiuser
MIMO have not examined the effects of pilot contamination
with general SINR constraints. The main purpose of this study
is to develop an understanding of the mentioned effects on
downlink user capacity of Massive MIMO.

B. Contributions
The major contributions of this paper are summarized as
follows:
1) Previous research on Massive MIMO has examined the
effects of pilot contamination on the received SINRs of
individual users. In contrast, this paper makes the first
attempt to study the impact on a group of UEs and to
articulate conditions under which their SINR targets can
be met simultaneously in the LAS regime. We show that if
the SINR requirements are located in a prescribed admissible region, using our proposed joint pilot sequence and
power allocation can achieve these targets concurrently
as the BS antenna size grows without limit, i.e., in the
LAS regime. We find that the size of the prescribed
region, characterizing the user capacity, is fundamentally
limited by the length of uplink pilot sequences. If crosscorrelations of pilot sequences are not well designed, the
size of this region can be further reduced.
2) We advance this research by evaluating the performance
in the non-LAS regime, which provides a useful guide to
practical BS antenna deployment. Specifically, we characterize the average SINR that is actually achieved for a
given number of BS antennas. Based on it, the study of
how many BS antennas are needed to approach a significant percentage of SINR performance limits is presented.
Generally, the number of the required antennas depends
on the cross-correlations of pilot sequences and the SINR
requirements. When there exists a UE with a relatively
high SINR requirement, we provide a fresh insight into
how this UE will cause the demand for a larger antenna
size. Simulation results will verify the accuracy of this
analytical investigation, i.e., the prediction of the required
antenna size.
3) Not only is the user capacity characterized as an admissible region of SINR requirements, but we also propose a joint pilot sequence design and transmit power
allocation scheme to achieve this capacity. The detailed
comparisons between our proposed capacity-achieving
scheme and other non-capacity-achieving schemes have
been made. Particularly, the conventional pilot sequence
design is taken into account in one of the non-capacityachieving schemes. The results highlight the advantage of
using the proposed scheme, i.e., the potential of admitting
more UEs into the specified Massive MIMO system. This
advantage becomes increasingly apparent when UEs have
more diverse SINR requirements.
C. Organization and Notations
The rest of the paper is as follows. In Section II, we specify
the system model including the uplink training method and the
downlink transmit beamforming scheme. Section III addresses
the issue of admissible users in the pilot-contaminated system.
This upper bound is further translated into an admissible region
in which the SINR requirements can be satisfied by using
the proposed joint scheme of pilot sequence design and transmit power allocation. The analysis in the non-LAS regime is
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can be achieved. Without exploiting statistical knowledge of hi ,
the LS method is adopted to provide the channel estimate
ĥi = PLS,i y,
= hi +

K


ρij hj + STi z,

(2)

j =i

where PLS,i = STi . This estimate indicates how the desire
channel information is polluted by undesired channels in the
pilot-contaminated regime (K > τ ), where ρij may not be 0
for some j = i.
B. Downlink Transmission
Fig. 1. A single-cell TDD Massive MIMO network, in which the BS acquires
CSI via uplink training.

provided in the same section. Numerical results are presented
in Section IV, which is followed by the concluding remarks in
Section V.
Notations: R: real number, Z: integers,  · p : p-norm, (·)T :
transpose, (·)H : Hermitian transpose, ⊗: Kronecker product,
◦: Hadamard product, IN : N × N identity matrix, CN (·, ·):
complex normal distribution, E[·]: expectation, tr(·): trace,
diag(· · ·): diagonal matrix, , : vector inequalities, 0: zero
vector, Null(·): null space, card(·): cardinality.
II. S YSTEM M ODEL
Consider a single-cell Massive MIMO system, as shown in
Fig. 1, where a BS equipped with M antennas serves K singleantenna UEs. With TDD operation, the BS acquires downlink
CSI through uplink pilot training. The acquired CSI will then
be utilized to form MRT precoding vectors for downlink spatial
multiplexing.
A. Uplink Training
During the uplink training phase, the ith UE transmits its
own pilot sequence si ∈ Rτ ×1 with si 2 = 1. The correlation
sTi sj = ρij between different training sequences ranges from
−1 to 1. The pilot data over the block-fading channel, synchronously received at the BS, can be expressed as
y(τ M ×1) =

K 


1/2

ps,i Si



1/2

βi


hi + z,

(1)

i=1

Utilizing estimated CSI at the BS, linearly precoded signals are formed and simultaneously transmitted to UEs. The
received signal at the ith UE is
⎛
⎞
K

1/2 H ⎝
ri = β i h i
tj x j ⎠ + w i ,
(3)
j=1

where ti is a linear precoding vector, xi denotes uncorrelated
zero-mean data symbols with power E[xH
i xi ] = Pi , and wi
2
is the zero-mean noise with variance σw
. Let us devise the
2
2
ith precoding vector ti = ĥi / M ( K
j=1 ρij + σz ), where the
denominator ensures that ti has unit 2-norm as M grows
1 H
2
2
ĥi ĥi = K
without limit. The fact, limM →∞ M
j=1 ρij + σz ,
can be easily proved by making use of the following
results [12]

1 H
hi hj =
M →∞ M
lim

0,
1,

if i = j,
if i = j.

(4)

Such asymptotic orthogonality among MIMO channels has
been experimentally verified in realistic propagation environments [4].
Consider that channel estimates are available at the BS
and only channel statistic E[hH
i ti ] is known by the ith UE.
Following this, the received signal (3) is recast as
1/2

E hH
i ti x i



ri = β i


part1

1/2
+ βi





H
hH
i ti − E h i ti



⎛
xi +

1/2
βi hH
i



⎝

K

j =i

⎞
tj x j ⎠ + w i ,


part 2

where ps,i and βi denote respectively the pilot power and the
channel power gain, Si is the τ M × M matrix given by Si =
si ⊗ IM , z is the additive white Gaussian noise distributed
as CN (0, σz2 Iτ M ), and hi (1 ≤ i ≤ K) are independent and
identically distributed (i.i.d.) small-scale fading channels from
UEs to the BS with distribution CN (0, IM ). This channel
model is commonly assumed in Massive MIMO systems [6],
[8], [12]. We further assume that certain uplink power control
is enabled to make the received signals from UEs be of equal
power, i.e., ps,i βi = 1, and thus a fair estimation performance

(5)
where the second part can be regarded as the effective
noise which is uncorrelated with the first part. As shown in
[8, Theorem 1], the above expansion facilitates defining an
ergodic achievable rate log2 (1 + SINRi,M ), where
2

E hH
β i Pi
i ti
,
SINRi,M =

2
K
H
2

Var hi ti βi Pi + j =i E hH
i tj β i P j + σ w
(6)
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H
H
in which Var[hH
i ti ] = E|(hi ti − E[hi ti ])| . The following
lemma is a consequence of this definition, describing how the
SINR varies with the BS antenna size.
Lemma 1: The SINRi,M defined in (6) can be expressed as



SIN Ri,M =
βi

β i Pi
K
j =i

ρ2ji Pj

+

K
j=1

1
M


α j Pj +

1
2
M αi σ w

,

the case under consideration. As the normalized mean-square
error MSEi,∞ seen by the ith UE is equivalent to 1/SINRi,∞ ,
another explanation can be offered. A lower bound on the sum
of MSEi,∞ is given by
K




MSEi,∞ = tr D−1 ST SDST S − K,

i=1

(7)
Proof: Please refer to Appendix A.

In the LAS regime (M → ∞), we obtain the limit form of
the effective SINR
SINRi,∞ =
=

Pi
K
j =i

ρ2ji Pj

≥

(10)

where (31) and (32) are applied in the second inequality. This
bound can be immediately translated into a bound on K, i.e.,

,

Pi

 T
,
tr si SDST si − Pi

K2
− K,
τ

K ≤ τ (MSE + 1),
(8)

where D = diag(P1 , · · · , PK ), S = [s1 , s2 , · · · , sK ], the symbol ∞ denotes that the antenna size goes to infinity so that
the effect of the noise wi can be ignored. This SINR expression suggests that the downlink transmission operates in the
interference-limited regime because of using a large number of
antennas. Moreover, in the pilot-contaminated regime, the inter2
ference part, K
j =i ρji Pj , can not be simultaneously eliminated
for every UE as non-orthogonal pilot sequences have to be used.
III. D OWNLINK U SER C APACITY C HARACTERIZATION
The asymptotic SINR expression, identified in the previous
section, will be further employed to examine the user capacity
in the LAS regime. In this examination, K > τ will be implicitly assumed as the pilot-contaminated regime is of interest.
Therefore, the following results will show the effects of pilot
contamination on the user capacity, and can be viewed as the
performance limits due to the antenna size growing limitlessly.
A group of UEs is said to be admissible in the specified TDD
Massive MIMO system if there exists a feasible pilot sequence
matrix S and a power allocation vector p = [P1 , · · · , PK ]T  0
such that the SINR requirements, SINRi,∞ ≥ γi for 1 ≤ i ≤
K, can be jointly satisfied. A pilot sequence matrix S is claimed
to be feasible if S ∈ S = {[s1 , s2 , · · · , sK ], si ∈ Rτ ×1 |si 2 =
1}. How the number of admissible UEs is related to the pilot
length and SINR requirements will be presented in the proposition below.
Proposition 2: If K UEs are admissible in the TDD Massive
MIMO system, then
 K 
1/2

1
.
(9)
1+
K≤ τ
γi
i=1
Proof: Please refer to Appendix B.

It is clear from this proposition that the number of admissible
UEs is fundamentally limited once the length of pilot sequences
and the SINR requirements are given. For instance, if a group
of UEs has high SINR requirements, this group is less likely
to be admissible as (9) may not hold with a given pilot length.
On the other hand, (9) is always true for K ≤ τ , which is not

(11)

where MSE = K
i=1 MSEi,∞ /K represents the average of the
normalized mean-square errors. Hence, we reach the conclusion that the intrinsic bound on K is the result of inevitable
mean-square errors caused by pilot contamination.
Proposition 2 provides an upper bound for the user capacity.
The next question to answer is whether K UEs are admissible
if the inequality (9) is satisfied, i.e., the achievability issue. In
other words, once the UE number is less than or equal to the
upper bound, we wonder if there exists a set of S ∈ S and p 
0, fulfilling the SINR requirements. The following section will
show that the answer to this question is positive.
A. Capacity-Achieving Pilot Sequence Design and
Transmit Power Allocation
Validating the converse of Proposition 2 requires to identify
the pair of S and p with which we have SINRi,∞ ≥ γi for
1 ≤ i ≤ K. The following proposition will specify a condition
under which this pair, referred to as a valid combination of pilot
sequence design and transmit power allocation, can exist.
Proposition 3: If

K 

γi
≤ τ,
(12)
1 + γi
i=1
1/2
and there exists a valid
then K ≤ {τ [ K
i=1 (1 + 1/γi )]}
combination of pilot sequence design and transmit power allocation.
Proof: The Cauchy-Schwarz inequality gives

K 

1
K2

,
1+
≥
K
γi
γi
i=1
i=1

≥

1+γi

K2
,
τ

which is equivalent to (9) and proves the first part of the
statement. Before going on to the second part, a definition and
a lemma to be utilized later are provided.
Definition 4: Given x, y ∈ RN , x majorizes y if
n

k=1

x[k] ≥

n

k=1

y[k] , for n = 1, · · · , N,

SHEN et al.: DOWNLINK USER CAPACITY OF MASSIVE MIMO UNDER PILOT CONTAMINATION

where x[k] and y[k] are respectively the elements of x and y in
decreasing order.
Lemma 5 [22, Theorem 9.B.2]: Given x, y ∈ RN , if x maN
jorizes y and N
k=1 x[k] =
k=1 y[k] , then there exists a real
symmetric matrix H with diagonal elements y[k] and eigenvalues x[k] .
First consider the case of K
i=1 [γi /(1 + γi )] = τ .
Given that the 1 × K vector of eigenvalues e =
[λ1 , · · · , λτ , 0 · · · , 0]T majorizes p and τi=1 λi = K
i=1 Pi ,
following Lemma 5, there exists a real symmetric matrix
H = QΛQT , where the vector of diagonal entries of H is
equal to p, Λ = diag(λ1 , · · · , λτ , 0 · · · , 0), and the orthogonal
matrix Q can be presented as


VK×τ ṼK×(K−τ ) .
The approach to constructing Q as well as H is provided in
[23, Sec. IV-A]. Define
S = Σ1/2 VT D−1/2 ,
Δ

(13)

where Σ = diag(λ1 , · · · , λτ ). Then, S ∈ S is true as the diagonal entries of ST S = D−1/2 HD−1/2 are equal to 1. Moreover,
we have
SDST = Σ.

(14)

Let us specify that
λ1 = · · · = λτ =

K
i=1

τ

Pi

,

(15)

and
Pi = c

γi
, for some c > 0.
1 + γi

(16)

It can be verified that e majorizes p since for 1 ≤ i ≤ τ ,


γi
c K
i=1 1+γi
λi =
,
τ
= c,
> max {Pk , for 1 ≤ k ≤ K} ,
where the second equality is due to the case under consideration.
Next we will check if the SINR requirements are satisfied by
using such pilot sequence design and transmit power allocation.
Making use of (14), we have
SINRi,∞ =
=

Pi


,
tr sTi Σsi − Pi
γi
c 1+γ
i
γi
c − c 1+γ
i

,

= γi , ∀i = 1, · · · , K,
which means that all SINR requirements are met.
K
Now we turn to the case of
i=1 [γi /(1 + γi )] < τ . As
f (x) = x/(1 + x) is monotonically increasing for x > 0, there
exists a set {γ̂i ≥ γi for 1 ≤ i ≤ K} such that K
i=1 [γ̂i /(1 +
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1/2
γ̂i )] = τ . At the same time, K ≤ {τ [ K
i=1 (1 + 1/γ̂i )]}
holds. By exploiting the previous result, we can find a corresponding valid set of S ∈ S and p  0.

The valid set of S and p used in Proposition 3 is summarized
here. The matrix S results from the generalized Welch bound
equality (GWBE) sequences, satisfying SDST = cIτ for some
c ∈ R+ [24]. The transmit power allocated to UEi is given by
Pi = cγ̂i /(1 + γ̂i ) where γ̂i ≥ γi and K
i=1 [γ̂i /(1 + γ̂i )] = τ .
In the case of identical SINR requirements, the pilot sequences
in use are called Welch bound equality (WBE) sequences. Both
GWBE and WBE sequences have been extensively applied
for constructing optimal CDMA signature sequences. These
sequences also find applications in wavelet expansions and
Grassmannian frames [25], [26]. In [27], a comparative evaluation of several sequence-construction algorithms is presented.
An explanation of the constraint, K
i=1 [γi /(1 + γi )] ≤ τ , is
presented as follows. When a UE has a high SINR requirement,
the pilot sequence assigned to this UE should be orthogonal
to others so that it will receive less interference. Overall, only
τ such assignments are allowed in the system. So the system
can roughly admit τ UEs with high SINR requirements. From
another viewpoint, this constraint indicates that the desired pilot
length is lower bounded for the given K and γi . In addition, the
proposed pilot sequence design and transmit power allocation
can be applied to meet the target SINRs using the minimum
pilot length. A corollary which follows from Propositions 2 and
3 is provided below.
Corollary 6: Given the identical SINR requirement γ, K
UEs are admissible in the TDD Massive MIMO system if and
only if


1
K ≤ 1+
τ.
(17)
γ

Unlike (9), the right-hand side of (17) does not depend on
K, and thus it provides an explicit upper bound of admissible
UEs. However, this is true only for identical SINR requirements. In the general case, (9) and (12) do not provide upper
bounds of this kind. To have a consistent interpretation of the
user capacity in the general case, we intend to characterize
the user capacity as the admissible region RUC = {γ1∼K ∈
R+ | K
i=1 [γi /(1 + γi )] ≤ τ }. It means that once the SINR requirements are located within RUC , the corresponding K UEs
are admissible. When it comes to identical SINR requirements,
this region maintains the same structure, i.e., RUC = {γ1∼K =
γ ∈ R+ |Kγ/(1 + γ) ≤ τ }. Later on, this characterization will
be utilized to evaluate different joint pilot sequence design
and power allocation schemes, i.e., different combinations of S
and p.
According to the present analytical results, the following
remarks can be made.
1) The valid combination of pilot sequence design and
power allocation is also referred to as the capacityachieving scheme or alternatively the GWBE scheme. It
means that any K UEs having the SINR requirements
within RUC can be admitted by using this scheme. In
the next section, it will be shown that other non-capacityachieving schemes can not guarantee this.
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2) When using the capacity-achieving pilot sequence and
power allocation, the converse of Proposition 3 can be
shown to be true.
3) Generally, the region specified by (9) and K
i=1 [γi /(1 +
γi )] > τ has not been characterized, in which the existence of a valid set of S and p is unknown. However,
when all the SINR requirements are the same, (9) turns
into K
i=1 [γ/(1 + γ)] ≤ τ , making this uncharacterized
region empty.
4) Following the previous remark, we can not remove the
possibility that there exists a better scheme which leads to
an admissible region larger than RUC . For example, when
GWBE sequences are employed, there might exist some
superior power allocation scheme other than the proposed one.
B. Comparison With Non-Capacity-Achieving Schemes
The superiority of the proposed capacity-achieving scheme
over other existing schemes will be presented in this section.
Let us first define two non-capacity-achieving schemes as
follows.
1) The WBE Scheme: Pilot sequences in use are the WBE
2
sequences, having properties: SST = K
τ Iτ , and ρij =
(K − τ )/[(K − 1)τ ] for i = j[28]. The transmit power
Pi allocated to the ith UE is given by cγi /(1 + γi ) for
some c > 0.
2) The Finite Orthogonal Sequence (FOS) Scheme: Given
a pilot sequence length τ , only τ orthogonal pilot sequences will be repeatedly used in the pilot-contaminated
regime. Assume that K = qτ + r where q, r ∈ Z and 0 ≤
r < τ . Each pilot sequence si is used by a collection Ei of
UEs. Let card(Ei ) = q + 1 for 1 ≤ i ≤ r, card(Ei ) = q
for r + 1 ≤ i ≤ τ , and Ei ∩ Ej = ∅ for i = j. This pilot
design is commonly adopted in TDD Massive MIMO.
The power allocation is the same as the one in the WBE
scheme.
The main difference of these two schemes from the GWBE
scheme lies in the pilot sequence design. Therefore, the comparisons made below largely point out the benefit of using the
GWBE sequences. Note that the power allocation in the WBE
scheme is adopted for ease of comparison. It is possible to
have an alternative scheme such as Pi = cγi . However, how
to identify the optimal power allocation corresponding to the
WBE sequences remains an open question.
The following lemmas will show the potential reduction of
the user capacity when the WBE and FOS schemes are applied
to the case of general SINR constraints.
Lemma 7: The general SINR requirements γi are satisfied
by using the WBE scheme if and only if



K 

γi
γmax
≤ min τ, κ − (κ − 1)
,
1 + γi
1 + γmax
i=1
(18)
where κ = (K−1)τ
(K−τ ) and γmax = max{γi , 1 ≤ i ≤ K}.
Proof: Please refer to Appendix C.



Lemma 8: The general SINR requirements γi are satisfied
by using the FOS scheme if and only if
  γk 
≤ 1, f or 1 ≤ i ≤ τ,
(19)
1 + γk
k∈Ei

and

K 

γi
≤ τ.
1 + γi
i=1

(20)

Proof: Similar to the proof of Lemma 7.

In Lemma 7, the second term in the curly brackets becomes
less than or equal to τ as γmax ≥ τ /(K − τ ). When γmax  1,
(18) turns into K
i=1 [γi /(1 + γi )] ≤ 1 + ∀ > 0, which implies potentially fewer admissible UEs as the allowable combinations of γ1 ∼ γK become much less. From Lemma 8,
it follows that the FOS scheme imposes more constraints,
i.e., (19), on the admissibility of UEs. Hence, compared with
the GWBE scheme, the FOS scheme potentially can admit
fewer UEs. More comparisons, taking account of the admissible region, among these three schemes will be provided in
Section IV.
C. How Many BS Antennas Are Required?
So far this paper has focused on the LAS regime, and the
previous discussion applies provided the BS antenna size goes
to infinity. This section moves on to examine the performance
in the non-LAS regime. With the aid of Lemma 1, we are able
to answer the question “How many BS antennas are required
to achieve a significant fraction of the ultimate SINRi,∞ ?” The
lemma below presents the required antenna sizes for three joint
pilot sequence design and transmit power allocation schemes.
Lemma 9: To have SINRi,M /SINRi,∞ ≥ νi , where νi ∈
(0, 1), for the GWBE scheme, the WBE scheme, and the FOS
scheme, we need antenna sizes
βi
MGW BE,i ≥ 
βi

K
j=1 (αj Pj )
K
j =i



MW BE,i

MF OS,i



ρ2ji Pj

2
+ αi σ w

  1−ν  ,
ν


2
(K − 1) K +
βi Ptotal + σw
 ,

≥
(22)
(K − τ )βi (Ptotal − Pi ) 1−ν
ν


2
card(Ek ) + σz2 βi j∈Ek Pj + σw


, (23)
≥

1−ν
βi
j∈Ek \{i} Pj
ν
τ σz2



(21)

respectively, where Ptotal = K
i=1 Pi , and i ∈ Ek is assumed
for the FOS scheme.
Proof: (21) results from Lemma 1. (22) and (23) are
basically the same as (21) except that the cross-correlations ρji
are replaced by the actual values.

There are important implications of this result. With a higher
ν, the number of the required BS antennas becomes larger
whichever scheme is applied. In addition, the BS antenna size
has to be significantly large in order to achieve 100ν% of the
limit SINRi,∞ when the transmit power allocated to a UE is
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relatively higher. For example, if the ratio Pi /Ptotal approaches
1 in the WBE scheme, then the corresponding MWBE increases
without limit. This observation suggests that if the BS antenna
size is limited, UEs with similar SINR requirements, to whom
similar powers are assigned, should be clustered together and
be served cluster by cluster. Some supplementary remarks are
added below.
1) If there is a shortfall in the transmission power budget
2
, then the required anPtotal , leading to βi Ptotal  σw
tenna size to achieve a significant fraction of SINRi,∞
will become very large. This conclusion can be drawn
from Lemma 9.
2) If SINRi,MGWBE ,i ≥ νi SINRi,∞ ≥ γi holds for any index
i, then using M ≥ max{MGWBE,i , 1 ≤ i ≤ K} should
guarantee that all downlink SINR targets are satisfied
when the GWBE scheme is applied. A similar argument
also holds for the other two schemes.
3) Knowing the achievable rates that are guaranteed is intrinsically important. Hence, a sensible alternative to the
computation in Lemma 9 is to evaluate the required
number of antennas to achieve a fraction of the ergodic
rate log2 (1 + SINRi,∞ ).
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Fig. 2. Upper boundaries of admissible regions for the GWBE, WBE, and
FOS schemes.

IV. N UMERICAL R ESULTS
In this section, comparisons between the capacity-achieving
and non-capacity-achieving schemes are made. The first set
of analyses examine the impact of different schemes on the
size of the admissible region of SINR requirements. Next,
we investigate how target SINRs are asymptotically achieved
and how many BS antennas are used to attain the desired
performance.
A. Admissible Region Characterization in the LAS Regime
To verify the results in Proposition 3 and in Lemmas 7 and 8,
we consider a pilot-contaminated Massive MIMO system with
K = 6 and τ = 3. By fixing certain SINR requirements {γ4 =
γ5 = γ6 = 1}, we look into admissible regions of the remaining
SINR requirements given by


3

+
RGWBE = γ1∼3 ∈ R |
[γi /(1 + γi )] ≤ 3/2 ,
(24)
i=1

RWBE = RGWBE
 3
3


∩
γ1∼3 ∈ R+ |
[γj /(1 + γj )]
j=1

j=1



≤ (7/2 − 4γi /(1+γi )), for 1 ≤ i ≤ 3 , (25)
and


RFOS = RGWBE ∩ γ1∼3 ∈ R+ | γi ≤ 1, for 1 ≤ i ≤ 3 ,
(26)
for the GWBE, WBE, and FOS schemes. Note that it is implicitly assumed that E1 = {UE1 , UE4 }, E2 = {UE2 , UE5 }, and

Fig. 3. Achievable SINR γ versus the factor ζ for the GWBE, WBE, and FOS
schemes given a fixed SINR-requirement pattern, that is {γ1 = γ2 = γ3 =
γ, γ4 = γ5 = γ6 = ζγ}.

E3 = {UE3 , UE6 } for the FOS scheme. The upper boundaries
of these regions in the positive orthant are plotted in Fig. 2.
For the GWBE scheme, an extra restriction γ3 = min{γ3 , 5} is
placed as the admissible γ3 can go to infinity. It can be observed
that the boundary surface of RGWBE lies well above those of
RWBE and RFOS . This implies that RGWBE contains more
admissible points than RWBE and RFOS , so more general SINR
constraints γ1∼3 can be met in the GWBE scheme.
Fig. 3 presents the achievable SINR for different schemes
when the pattern of the SINR requirements is specified. The
UE grouping, assumed for the FOS scheme, is given by E1 =
{UE1 , UE2 }, E2 = {UE3 , UE4 }, and E3 = {UE5 , UE6 }. The
factor ζ adjusts a subset of the SINR requirements, making
overall requirements of 6 UEs more or less diverse. As shown
in this figure, there is a clear trend of decreasing the achievable
SINR with increasing ζ. Additionally, it is obvious that the
GWBE scheme outperforms the other two in terms of achieving
higher SINRs for ζ ranging from 0.1 to 1. For ζ < 1, the advantage of the GWBE scheme remains significant over the FOS
scheme while it becomes negligible over the WBE scheme.
Compared to the FOS scheme, the GWBE scheme is more
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Fig. 4. Achievable SINR versus the number K of UEs for the GWBE, WBE,
and FOS schemes given a fixed SINR-requirement pattern, that is {γ1 = γ2 =
γ3 = γ, γ4 = · · · = γK = γ/2}.

Fig. 6. Achieved SINR1,M for a given number of BS antennas when using
different joint pilot sequence and power allocation schemes.

demonstrates how the user capacity is limited by the pilot
length. Also shown in the same figure, the GWBE scheme,
without doubt, substantially outperforms the other two schemes
in terms of admitting more UEs. In addition, two non-capacityachieving schemes exhibit comparable user capacities especially with short pilot lengths.
B. Performance Comparison in the Non-LAS Regime

Fig. 5. Number of admissible UEs versus pilot sequence length for the
GWBE, WBE, and FOS schemes, given a fixed SINR-requirement pattern, that
is {γ1∼l = 1/3, γ(l+1)∼2l = 1, γ(2l+1)∼3l = 3}.

favorable when we have diverse SINR requirements, i.e, when
ζ approaches 0.1 or 10.
To explore the effects of having different numbers of UEs,
Fig. 4 plots the achievable SINR versus the number of UEs
when fixing τ = 3. For the FOS scheme, the grouping among
UEs for any given K is assumed to be optimal in the sense
of maximizing the achievable SINR. It can be observed that
increasing K, making pilot contamination more serious, will
decrease achievable SINRs for all three schemes. Our proposed GWBE scheme, however, attains relatively higher SINRs
compared with the WBE and FOS schemes. Interestingly, the
WBE scheme does not always outperform the FOS scheme for
K < 7, but does so for K ≥ 7. This highlights that the GWBE
scheme exhibits a consistent superiority over the FOS scheme
compared with the WBE scheme.
By specifying the SINR-requirement pattern of K = 3l UEs,
how many UEs are admissible for a given pilot length is
depicted in Fig. 5. It can be observed that the number of
admissible UEs scales almost linearly with the pilot length
whatever scheme is adopted. This linear relationship directly

The results discussed in Section III-C will be numerically
evaluated in this section. The system of interest still operates in
the pilot-contaminated regime with K = 6 > τ = 3. The noise
2
, at the BS and UEs, and all channel power
powers, σz2 and σw
gains βi are set to 1. Three UE sets for the FOS scheme are the
same as those specified in the previous section.
We first consider a set of SINR requirements γ1 ∼ γ6 , given
by {5/2, 3/2, 2/3, 2/3, 3/8, 2/9}. This SINR set is located in
the admissible region for the GWBE scheme, while outside
those for the WBE scheme and FOS scheme. The transmit
power allocated to the ith UE is Pi = cγi /(1 + γi ) for the WBE
scheme and FOS scheme and Pi = cγ̂i /(1 + γ̂i ) for the GWBE
scheme, where c = 10 and γ̂1∼6 = {3, 2, 1, 1, 1/2, 1/3}. Fig. 6
presents the SINRi,M of UE1 achieved by different schemes
for a given antenna size M . It can be seen that the simulated
(dashed, dotted, dash-dot) curves due to the average over
100 000 channel realizations fit well with the analytical (circlemarker) values obtained from (7). Hence, the result in Lemma 1
is verified. Another observation is that the SINR1,M curves of
the WBE scheme and FOS scheme can not approach the target
SINR by increasing the antenna size. It is because that both
SINR1,∞ = 1.92 for the WBE scheme and SINR1,∞ = 1.19
for the FOS scheme are less than γ1 . In contrast, the GWBE
scheme, having SINR1,∞ = 3 greater than γ1 , can achieve the
target SINR with a finite number of BS antennas.
Fig. 7 shows the SINRi,M curves of different UEs for the
GWBE scheme and WBE scheme. We can see that the curves
of SINR3,M and SINR6,M reach their own target SINRs respectively for the WBE scheme. This result means that as the
set γ1 ∼ γ6 falls outside the admissible region for the WBE
scheme, only partial SINR requirements can be satisfied by this
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First, we have
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hi ĥj 
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=
×
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+
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m=1
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ρjn zH Sj hi hH
i hn + z Sj hi hi Sj z.

+

n=1

Fig. 7. Average received SINRs at UEs versus the number of BS antennas for
the GWBE, WBE, and FOS schemes.

scheme. For UEs with lower SINR constraints, such as UE3 and
UE6 , it can be observed that the difference between the results
due to two schemes becomes less significant. Next, the GWBE
scheme is taken as an example for demonstrating the accuracy
of results in Lemma 9. The SINR limits for this scheme are
given by SINRi,∞ = γ̂i > γi for 1 ≤ i ≤ 6. If 83.3% of the
limit SINR1,∞ is achieved, the corresponding SINR requirements γ1 will be met. Based on (22), the required antennas size
is expected to be MGWBE ≥ 186 for UE1 . Similarly, we need
to achieve 66.6% of the limit SINR3,∞ , resulting in MGWBE ≥
38 for UE3 . This analytical inference is verified in Fig. 7,
where the simulated SINRi,M and target γi curves intersect
at the points around M = 196 for UE1 and M = 38 for UE3 .
From then onwards, the simulated SINRi,M is greater than the
target SINR.
V. C ONCLUSION
This paper has investigated the user capacity of downlink TDD Massive MIMO systems in the pilot-contaminated
regime. The necessary condition for admitting a group of UEs
with general SINR requirements has been provided. It has
shown an intrinsic capacity upper bound due to the limited
length of pilot sequences. Meanwhile, the capacity-achieving
GWBE scheme, which can achieve the identified user capacity
and satisfy the SINR requirements, has been proposed and compared with the non-capacity-achieving WBE and FOS schemes.
The results of this study indicate that the capacity-achieving
GWBE scheme is superior in terms of enhancing higher user
capacity.
The current investigation has only examined the singlecell scenario. More study is needed to better understand the
user capacity in the multicell scenario. Future research might
explore the capacity region under intra- and inter-cell pilot
contamination, the corresponding capacity-achieving pilot sequence design and transmit power allocation, and an efficient
method for performing intercell resource allocation.

Then,
"
 #
 H 2
E hi ĥj 
K
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=

H
H
H H
ρjm ρjn E hH
m hi hi hn + E z Sj hi hi Sj z ,

m=1 n=1
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H
= ρ2ji E hH
i hi hi hi +
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m=n=i

+

K




H
H H
H
,
ρjm ρjn E hH
m hi hi hn +E tr Sj hi hi Sj zz

m=n

= ρ2ji (M 2 + M ) +
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ρ2jm [tr (Rhi Rhm )]

m=i


+ tr Rhi SH
j Rz Sj ,
K

2
2
= ρji (M + M ) + M
ρ2jm + M σz2 ,
m=i

= M 2 ρ2ji + M αj ,

(27)

2
2
where αj = K
m=1 ρjm + σz , Rhi and Rz respectively denote
H
the covariance matrices of hi and z, and E[hH
i hi hi hi ] =
2
H
(M + M ) because of hi hi being gamma-distributed
Γ(M, 1).
By definition,

SINRi,M
( E [h H
i ĥi ])
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i
i
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2
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β i Pi
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+
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where E[hH
i ĥi ] = M , and Var[hi ĥi ] = M αi .

(28)
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A PPENDIX B
P ROOF OF P ROPOSITION 2

can be recast as
K


Making use of (8), we have
K

1 + SINRi,∞

SINRi,∞

i=1

=

j=1

K


1  T
tr si SDST si ,
P
i=1 i

T
−1 T
= tr(D
 S SDS S),

γj
≤ κ − (κ − 1)
1 + γj

K 
K




(29)

i=1 j=1

K

γj
γj
=K
,
1 + γj
1
+
γj
j=1
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≤

Δ
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ρ23
..
.
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..
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···
···
···
..
.
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ρ2K

ρ3K

···

⎤
ρ1K
ρ2K ⎥
⎥
ρ3K ⎥ .
.. ⎥
⎦
.
1

≥K+

K


where the inequality is due to (Pi /Pj + Pj /Pi ) ≥ 2. The Gram
matrix Gs has an eigendecomposition UDG UT , where U is a
unitary matrix and DG = diag(d1 , · · · , dK ) with d1 ∼ dτ > 0,
dτ +1 ∼ dK = 0, and τi=1 di = K. Then, we have


tr(Gs Gs ) = tr UD2G UT ,
τ

=
d2i ,
τ


!2
di

=

i=1

K2
.
τ

(32)

As
K

1 + SINRi,∞
i=1

SINRi,∞

≤

K

1 + γi

γi

i=1

,

(33)

the desired inequality follows.
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The SINR requirement
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= tr (Gs Gs ) ,

K "

i=1

Also, we can expand the trace in (29) and obtain its lower bound
as below


tr D−1/2 Gs DGs D−1/2

K 
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Pj
+
=K+
ρ2ij ,
P
P
j
i
i=1 j>i=1
K 
K


γi
1 + γi

Let us sum up (34) over i = 1, · · · , K, i.e.,

= tr D−1/2 Gs DGs D−1/2 ,

Gs = ST S,
⎡
1
⎢ ρ12
⎢
ρ
=⎢
⎢ 13
⎣ ..
.



j=1

γj
Kκ
= τ.
≤
1 + γj
K +κ−1

(35)

The desired result follows from (34) and (35).
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